1. Introduction. Throughout this note, cvm and yVk denote, respectively, the mth and &th positive zeros of any pair (distinct or not) of real Bessel (cylinder)3 functions of order v, arranged so that c»m>yvk, where m and k (the respective ranks) are fixed positive integers. Each such zero increases with v [6, p. 508] ,
In particular, we may take the Bessel functions involved to be identical and put m -k+l, where / is any positive integer. When 1=1, this specializes to the familiar differences which are defined in the usual way as (1) Ac* = fc.jb+1 -c»; An+1c"* = A(AnG*), n = 1, 2, • • • .
The differences (1) have been investigated for all n, varying k and fixed order v, where v>\, in [2; 3] . Here, on the contrary, our concern is with certain differences of zeros, each oí fixed rank, as the order v of the Bessel function varies.
In [2, §3] we showed, i.a., that
Here our principal purpose is to prove that (i) the positive quantity ( -l)n_1Anc"* increases with v for each fixed k, n = l, 2, ■ ■ ■ , when v>\, and that (ii) the difference (cvm -yvk) increases with v when p^O. 4 For n= 1, (ii) is a two-fold generalization of (i) : the difference considered is defined more generally, and the order v covers a wider domain.
The method of proof of (ii) yields some information also for the case v ^ -\, showing that the difference (c,m-y,k) decreases "in general" in this instance. However, here the rank of a zero can change because Presented to the Society, January 24, 1963; received by the editors May 29, 1962 and, in revised form, October 18, 1962. 2 The second named author is now at the Ampex Corporation, Redwood City, California.
' By a Bessel function, we mean any real solution, Q,{x) =J,(x) cos 9-Y,(x) sin 9, of the Bessel differential equation, where the constant $ is independent of v.
* These results, like (2), may be helpful in checking tables of zeros of Bessel functions.
[February of the possible appearance or disappearance of zeros as v varies through a certain discrete set of negative values [6, p. 509] . This creates obvious notational difficulties. To avoid them, we introduce the convention that cvm, y,k are to be understood (when v is negative) as given functions of v im, k fixed) and that these functions are not to be altered even if a change in rank occurs. To emphasize this, we formulate the relevant results in terms of the derivatives with respect to v of these functions.
2. Formal statement of results. We show next that the right member of (13) is ( -l)n_1, even without the specialization 2 = £, and this will complete the proof of the theorem.
To this end, we recall from [2, §3 and Lemma 2. Finally, we show that the sign of g(t)(0 times each term of the sum inside the braces in (15) (14), (16) and (9), is
hus, gw(0 times each term in the inner sum in (15) has sign ( -l)"-1, whence, a fortiori, so has A"{g[c»(0]} and the theorem is proved.
Remark. Conceivably, Theorem 1 may be valid for a range of v greater than v>\ for which we have established it, since some "balancing" in (15) may still leave that expression of appropriate sign without each term individually, as here, being of that sign. where g is defined by (7). 1. Well-posed and completely well-posed problems for linear partial differential equations have been discussed by Hormander [2] and more recently and more generally by Browder [l ] . Roughly speaking, if L is a differential operator in a Banach space X, the problem of finding a solution of Lu=f,fEX, is said to be (completely) well-posed if the range of L is X and if in addition L_1 exists and is (completely) continuous. In both papers, sufficient conditions are given for the existence of well-posed and completely well-posed problems for formal differential operators.
In this paper we are interested in the effect on a completely wellposed problem of a nonlinear perturbation of the operator L. In particular, we will show (Theorem 3) that under certain conditions a completely well-posed problem for a differential operator L remains completely well-posed for L-\-A, where A is a nonlinear transformation in X. Combining this result with theorems in [l] , conditions guaranteeing the existence of completely well-posed problems for perturbed differential operators can be derived. One such result is given in Theorem 4 for the case X = L2.
Let A be a Banach space, T a transformation with domain D(T)EX
and range R(T)EX. The transformations here are not assumed to be linear unless it is so stated.
